
Hadron Structure Theory III

Alexei Prokudin 



l Lecture I:
Transverse spin structure of the nucleon

l Lecture II
Transverse Momentum Dependent distributions (TMDs)
Semi Inclusive Deep Inelastic Scattering (SIDIS)

l Tutorial
Calculations of SIDIS structure functions using Mathematica

• Lecture III
Advanced topics. Evolution of TMDs

The plan:
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Mathematica tutorial
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Mathematica tutorial

If you have any comment on the mathematica package, or the tutorial,
send me a message prokudin@jlab.org
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Nucleon landscape 

Factorization theorems help us to relate functions 
that describe the hadron structure and the 
experimental observables

Factorization is a controllable approximation and the 
goal of theorists and phenomenologists is to test 
and improve the region of applicability of 
factorization and/or construct new factorization 
theorems

Hadron structure is the ultimate goal of 
measurements and phenomenology 

The polarized proton in momentum
space as “seen” by the virtual photon



Transverse Momentum Dependent distributions
Individual TMDs can be projected out of the correlator
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TMD distributions 

8 functions in total (at leading
twist)

Each represents different
aspects of partonic structure

Each depends on Bjorken-x,
transverse momentum, the
scale
Each function is to be studied

Kotzinian (1995), Mulders, Tangerman (1995), Boer, Mulders (1998)

Quark TMDs
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TMD distributions 

8 functions in total (at leading
twist)

Each represents different
aspects of partonic structure

Each depends on Bjorken-z,
transverse momentum, the
scale
Each function is to be studied

Kotzinian (1995), Mulders, Tangerman (1995), Boer, Mulders (1998)

Quark TMD Fragmentation Functions
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TMD distributions 

More at higher twist!

where the Wilson-lines refer to the SIDIS process [33]. For a generic four-vector aµ we224

define the light-cone coordinates aµ = (a+, a�, a?) with a± = (a0 ± a3)/
p
2. The light-225

cone direction is singled out by the virtual photon momentum and transverse vectors like226

k? are perpendicular to it. In the virtual-photon–nucleon center-of-mass frame, nucleon227

and the partons inside it move in the (+)–lightcone direction, while the struck quark and228

the produced hadron move in (�)–light-cone direction. In the nucleon rest frame the229

polarization vector is given by S = (0,ST , SL) with S2

T + S2

L = 1.230

The 8 leading–twist TMDs [3] are projected out from the correlator (2.11) as follows231

(blue: T-even TMDs, red: T-odd TMDs; all TMDs depend on x, k?, renormalization scale232

and carry a flavor index which we do not indicate for brevity)233

1

2

Tr


�+ �(x,k?)

�
= f

1

� "jkkj?S
k
T

MN
f?
1T , (2.12a)

1

2

Tr


�+�

5

�(x,k?)

�
= SL g

1

+

k? · ST

MN
g?
1T , (2.12b)

1

2

Tr


i�j+�

5

�(x,k?)

�
= Sj

T h
1

+ SL
kj?
MN

h?
1L +

jkSk
T

M2

N

h?
1T +

"jkkk?
MN

h?
1

, (2.12c)

and the 16 subleading twist TMDs [2, 5] are given by234
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k
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jk
). The indices j, k, l refer to the plane transverse with respect235

to the light-cone, ✏ij ⌘ ✏�+ij and ✏0123 = +1. Dirac-structures not listed in (2.12a–2.12i)236

are twist-4 [4]. Integrating out transverse momenta in the correlator (2.11) leads to the237

“usual” PDFs known from collinear kinematics [16, 34], namely at twist-2 level238
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TMD distributions 

More at higher twist!
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We are in a good company
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Semi Inclusive Deep Inelastic Scattering (SIDIS)



Factorization

Distribution

Fragmentation
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Semi Inclusive Deep Inelastic scattering
One can rewrite the cross-section in
terms of 18 structure functions

Each structure function encodes
parton dynamics via convolutions of
TMDs when factorization is
applicable

Mulders, Tangerman (1995),
Boer, Mulders (1998)
Bacchetta et al (2007)
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Semi Inclusive Deep Inelastic scattering
One can rewrite the cross-section in
terms of 18 structure functions

Each structure function encodes
parton dynamics via convolutions of
TMDs when factorization is
applicable

Mulders, Tangerman (1995),
Boer, Mulders (1998)
Bacchetta et al (2007)

2 The SIDIS process in terms of TMDs and FFs168

In this section we review the description of the SIDIS process, define structure functions,169

PDFs, TMDs, FFs and recall how they describe the SIDIS structure functions.170

2.1 The SIDIS process171
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Figure 1. Kinematics of SIDIS process lN ! l0hX

in 1-photon exchange approximation.

The SIDIS process lN ! l0hX is172

sketched in Fig. 1. Here l and P are mo-173

menta of incoming lepton and nucleon,174

and l0 and Ph are the momenta of the out-175

going lepton and produced hadron. The176

virtual photon momentum q = l � l0 se-177

lects a z-axis, and l0 points in the direc-178

tion of the x-axis from which azimuthal179

angles are counted. The relevant kine-180

matic invariants are181

x =

Q2

2P · q , y =

P · q
P · l , z =

P · Ph

P · q , Q2

= �q2. (2.1)

Note that we consider the production of unpolarized hadrons in DIS of charged leptons182

(electrons, positrons, muons) at Q2 ⌧ M2

Z in the single photon exchange approximation.183

In addition to x, y, z the cross section is also differential in the azimuthal angle �h of184

the produced hadron, the square of its momentum component PhT perpendicular with185

respect to the virtual photon momentum. In principle the cross section is also differential186

with respect to the azimuthal angle  l characterizing the overall orientation of the lepton187

scattering plane in a fixed lab frame. The origin of this angle can be chosen arbitrarily.188

For a transversely polarized target it is convenient to choose the origin of the angle  l189

in the direction of ~ST . It is convenient to define the unpolarized lepton–quark scattering190

subprocess cross section191
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where FUU is the structure function due to transverse polarization of the virtual photon193

(sometimes denoted as FUU,T ), and we systematically neglect 1/Q2 corrections in kinematic194

– 4 –
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Semi Inclusive Deep Inelastic scattering
One can rewrite the cross-section in
terms of 18 structure functions

Each structure function encodes
parton dynamics via convolutions of
TMDs when factorization is
applicable

Mulders, Tangerman (1995),
Boer, Mulders (1998)
Bacchetta et al (2007)

The TMD factorization is valid in the region

Interesting QCD regime, when recoil is happening from a low transverse
momentum – important for studies of non perturbative physics.
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Semi Inclusive Deep Inelastic scattering
One can rewrite the cross-section in
terms of 18 structure functions

Each structure function encodes
parton dynamics via convolutions of
TMDs when factorization is
applicable

Mulders, Tangerman (1995),
Boer, Mulders (1998)
Bacchetta et al (2007)

The TMD factorization is valid in the region

Final transverse momentum is related to transverse momenta of parent and
fragmenting partons



What do we know about structure functions in SIDIS?
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Sivers function

Non universal

Collins function

Universal
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Definitions

Sivers function: unpolarized quark distribution inside a transversely
polarized nucleon

Collins function: unpolarized hadron from a transversely polarized quark

Sivers 1989

Collins 1992

Spin independent Spin dependent
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Suppose the spin is along Y direction:

Deformation in momentum space is:

This is the “dipole” deformation.
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Suppose the spin is along Y direction:
Deformation in momentum space is:

This is the “dipole” deformation.

No correlation: Correlation:
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Tomographic scan of the nucleon

Anselmino et al 2009
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Tomographic scan of the nucleon

Internal motion of quarks is correlated with the spin of the proton!

SP
IN
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Definitions

Sivers function: describes strength of correlation

Collins function: describes strength of correlation

Sivers 1989

Collins 1992

Sivers function and Collins function can give rise
to Single Spin Asymmetries in scattering
processes. For instance in Semi Inclusive Deep
Inelastic process

Both functions extensively studied experimentally, phenomenologically,
theoretically

Kotzinian (1995),
Mulders,
Tangerman (1995),
Boer, Mulders (1998)
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Sivers function

Large – Nc result
➔Confirmed by phenomenological extractions
➔Confirmed by experimental measurements

Pobylitsa 2003

Relation to GPDs (E) and anomalous magnetic moment

➔ Predicted correct sign of Sivers asymmetry in SIDIS
➔ Shown to be model-dependent

➔Used in phenomenological extractions

Burkardt 2002

Meissner, Metz, Goeke 2007

Bacchetta, Radici 2011
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Sivers function

Sum rule
➔Conservation of transverse momentum
➔Average transverse momentum shift of a quark inside a transversely
polarized nucleon

➔ Sum rule

Burkardt 2004
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Sign change of Sivers function 

Colored objects are surrounded by gluons, profound consequence of gauge invariance:
Sivers function has opposite sign when gluon couple after quark scatters (SIDIS) or before
quark annihilates (Drell-Yan)

Crucial test of TMD factorization and collinear twist-3 factorization
Several labs worldwide aim at measurement of Sivers effect in Drell-Yan
BNL, CERN, GSI, IHEP, JINR, FERMILAB etc
Barone et al., Anselmino et al., Yuan,Vogelsang, Schlegel et al., Kang,Qiu, Metz,Zhou etc
The verification of the sign change is an NSAC (DOE and NSF) milestone

Brodsky,Hwang,Schmidt;
Belitsky,Ji,Yuan;
Collins;
Boer,Mulders,Pijlman;
Kang, Qiu;
Kovchegov, Sievert;
etc

•  gauge link determined by hard process and its color flow  

•  goes beyond “just” check of TMD factorization 

•  central quest for our field: verify consequence  

•  strong motivation for Drell-Yan-type experiments 
AnDY, COMPASS, E906,W bosons at RHIC  
Barone et al., Anselmino et al., Yuan,WV, Schlegel et al., Kang,Qiu, Metz,Zhou 

Brodsky,Hwang, 
Schmidt 
Belitsky,Ji,Yuan 
Collins 
Boer,Mulders,Pijlman 
… 
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Process dependence of Sivers function

➔ First experimental hint on the sign change: AN in W and Z production

➔ Sign change

➔No sign change

STAR Collab. Phys. Rev. Lett. 116, 132301 (2016)

KQ → Kang, Qiu 2009

➔ Large uncertainties of predictions
➔No antiquark Sivers functions

STAR 2016
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Process dependence of Sivers function

➔ First experimental hint on the sign change in Drell-Yan

➔ Sign change

➔No sign change

COMPASS 2017

➔COMPASS results hint on sign change

First measurement of transverse-spin-dependent azimuthal asymmetries . . . 5
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Fig. 5: Extracted Drell-Yan TSAs related to Sivers, transversity and pretzelosity TMD PDFs (top to
bottom). Error bars represent statistical uncertainties. Systematic uncertainties (not shown) are 0.7 times
the statistical ones.
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Fig. 6: The measured mean Sivers asymmetry and the theoretical predictions for different Q

2 evolution
schemes from Refs. [19] (DGLAP), [20] (TMD1) and [21] (TMD2). The dark-shaded (light-shaded)
predictions are evaluated with (without) the sign-change hypothesis. The error bar represents the total
experimental uncertainty.

values from this measurement is available on HepData [37]. The last column in Fig. 5 shows the results
for the three extracted TSAs integrated over the entire kinematic range. The average Sivers asymmetry
A

sinj
S

T

is found to be above zero at about one standard deviation of the total uncertainty. In Fig. 6, it
is compared with recent theoretical predictions from Refs. [19, 20, 21] that are based on different Q

2-
evolution approaches. The positive sign of these theoretical predictions for the DY Sivers asymmetry was
obtained by using the sign-change hypothesis for the Sivers TMD PDFs, and the numerical values are
based on a fit of SIDIS data for the Sivers TSA [9, 11, 12]. The figure shows that this first measurement
of the DY Sivers asymmetry is consistent with the predicted change of sign for the Sivers function.

The average value for the TSA A

sin(2j
CS

�j
S

)
T

is measured to be below zero with a significance of about
two standard deviations. The obtained magnitude of the asymmetry is in agreement with the model
calculations of Ref. [38] and can be used to study the universality of the nucleon transversity function.
The TSA A

sin(2j
CS

+j
S

)
T

, which is related to the nucleon pretzelosity TMD PDFs, is measured to be above
zero with a significance of about one standard deviation. Since both A

sin(2j
CS

�j
S

)
T

and A

sin(2j
CS

+j
S

)
T

are
related to the pion Boer-Mulders PDFs, the obtained results may be used to study this function further and
to possibly determine its sign. They may also be used to test the sign change of the nucleon Boer-Mulders
TMD PDFs between SIDIS and DY as predicted by QCD [6, 7, 8], when combined with other past and
future SIDIS and DY data related to target-spin-independent Boer-Mulders asymmetries [39, 40, 41].
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Collins function

Schafer-Teryaev sum rule
➔Conservation of transverse momentum

➔ Sum rule

➔ If only pions are considered

Schafer Teryaev 1999
Meissner, Metz, Pitonyak 2010

Universality of TMD fragmentation functions

➔ Very non trivial results
➔Agrees with phenomenology, allows global fits

Metz 2002, Metz, Collins 2004, Yuan 2008
Gamberg, Mukherjee, Mulders 2011
Boer, Kang, Vogelsang, Yuan 2010
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SIDIS and e+e-: combined global analysis

transversity Collins 
function

Collins 
function

Transversity and Collins FF

Collins 
function
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Fitted quark transversity and Collins function: x (z) -dependence

Collins function: pt-dependence

Transversity and Collins FF Kang-Prokudin-Sun-Yuan 2015
Anselmino et al 2015

Compatible with LO extraction 
Anselmino et al 2009, 2013, 2015
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Complementarity of SIDIS, e+e- and Drell-Yan, and hadron-hadron  

Various processes allow study and test of evolution, universality and extractions of distribution and fragmentation
functions. We need information from all of them

Semi Inclusive DIS –
convolution of distribution functions and
fragmentation functions

Drell-Yan – convolution of distribution
functions

e+ e- annihilation – convolution of
fragmentation functions

Hadron-hadron – convolutions of PDF and
fragmentation functions

Combining measurements from all above is important
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Why TMDs, factorization, and evolution
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Why QCD evolution is interesting?

Study of evolution gives us insight on different aspects and origin of confined motion of partons, gluon
radiation, parton fragmentation

Evolution allows to connect measurements at very different scales.

TMD evolution has also a universal non-perturbative part. The result of evolution cannot be
uniquely predicted using evolution equations until the non-perturbative part is reliably
extracted from the data.

Gluon 
shower

Confined 
motion

Emergence of a 
hadron

hadronization
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proton

lepton lepton

pion

electron

positron
pion

Collins, Soper (1983)
Collins, Soper, Sterman (1985)

Collins (2011)

TMD evolution equations

Collins, Soper (1983)
Collins (2011)

Meng, Olnes, Soper (1992)
Ji, Ma, Yuan (2005)

Collins (2011)

TMD factorization
e+e–

SIDIS

Drell-Yan

proton
positron

electron
protonpion

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)
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proton

lepton lepton

pion

electron

positron
pion

proton

proton

pion

TMD evolution equations

Qiu, Sterman (1990)
Only one scale is 
measured in PP

TMD factorization is 
not applicable?

TMD factorization
e+e–

SIDIS

PP

?

Drell-Yan

proton
positron

electron
protonpion

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)

Collins, Soper (1983)
Collins, Soper, Sterman (1985)

Collins (2011)

Collins, Soper (1983)
Collins (2011)

Meng, Olness, Soper (1992)
Ji, Ma, Yuan (2005)

Collins (2011)
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proton

lepton lepton

pion

electron

positron
pion

proton

proton

pion

TMD evolution equations

Qiu, Sterman (1990)

e+e–

SIDIS

PP

!

Drell-Yan

proton
positron

electron
protonpion

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)

Twist-3 factorization
DGLAP equations

Global fit is needed.
Work in progress

• Twist-3 functions are related to TMD via OPE
• TMD and twist-3 factorizations are related in high QT region
• Global analysis of TMDs and twist-3 is possible:
All four processes can be used.
• Data are from HERMES, COMPASS, JLab,
BaBar, Belle, RHIC, LHC, Fermilab

TMD factorization
Collins, Soper (1983)

Collins, Soper, Sterman (1985)
Collins (2011)

Collins, Soper (1983)
Collins (2011)

Meng, Olness, Soper (1992)
Ji, Ma, Yuan (2005)

Collins (2011)
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Why TMD Evolution?
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Factorization of regions: 
(1) k//P1, (2) k//P2, (3) k soft, (4) k hard

mimic “parton model”

slide courtesy of Z. Kang

TMD factorization in a nut-shell

Drell-Yan:

Factorized form and mimicking “parton model”
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Collinear PDFs

✓ DGLAP evolution

✓ Resum

✓ Kernel: purely perturbative

TMDs

✓ Collins-Soper/rapidity evolution 
equation

✓ Resum

✓ Kernel: can be non-perturbative
when 

● Just like collinear PDFs, TMDs also depend on the scale of the probe 
= evolution

TMDs evolve

slide courtesy of Z. Kang
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Collins, Soper, Sterman 85, ResBos, Qiu, Zhang 99, Echevarria, Idilbi, Kang, Vitev, 14, 
Aidala, Field, Gamberg, Rogers, 14, Sun, Yuan 14, D’Alesio, Echevarria, Melis, Scimemi, 14, Rogers, Collins, 
15, Vladimirov,  Scimemi 17…

longitudinal/collinear part transverse part ✓ Non-perturbative: fitted from data
✓ The key ingredient – ln(Q) piece is 

spin-independentSince the polarized scattering data is still limited kinematics, we can 
use unpolarized data to constrain/extract key ingredients for the non-

perturbative part

Fourier transform back to the momentum space, one needs the 
whole b region (large b): need some non-perturbative extrapolation

Many different methods/proposals to model this non-
perturbative   part

Eventually evolved TMDs in b-space

TMD evolution and non-perturbative component
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TMD

Collins, Gamberg, AP, Rogers, Sato, Wang arXiv:1605.00671

TMD factorization has a validity region
(two scale problem)

In order to describe cross section in a wide region of transverse momentum one
needs to add a Y term

Improved approach that aims to describe low-Q region:
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It seems too easy...

Alexei Prokudin
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In fact it is not easy...

If we consider NLO corrections
this diagram diverges
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In fact it is not easy...

If we consider NLO corrections
this diagram diverges
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In fact it is not easy...

If we consider NLO corrections
this diagram diverges

Physics: The gluon becomes collinear to the Wilson line (struck quark)
and its rapidity goes to

“Rapidity divergence”
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In fact it is not easy...

Alexei Prokudin

We know how to deal with it:

“+ prescription”
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In fact it is not easy...

Not working for TMDs:

“+ prescription”

John Collins, Acta Phys.Polon. B34 (2003) 3103
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TMD related studies have been extremely active in the past few years, lots of progress
have been made

We look forward to the future experimental results from COMPASS, RHIC, Jefferson Lab,
LHC, Fermilab, future Electron Ion Collider

Many TMD related groups are created throughout the world:

Italy, Netherlands, Belgium, Germany, Japan, China, Russia, and the USA


